Abstract. Gessel conjectured that the two-sided Eulerian polynomial, recording the common distribution of the descent number of a permutation and that of its inverse, has nonnegative integer coefficients when expanded in terms of the gamma basis. This conjecture has been proved recently by Lin. Unlike the corresponding result for the usual Eulerian polynomial, the proof for the two-sided version was not combinatorial.
Introduction
One of the various ways to define Eulerian numbers is via the descent numbers of permutations. (See definition below). The "two-sided" Eulerian numbers, studied by Carlitz, Roselle, and Scoville [6] constitute a natural generalization. These numbers count permutations with respect to the number of descents together with the number of descents of the inverse permutation.
Gessel conjectured that the corresponding generating function A n (s, t) has a nice symmetry property. In order to present this conjecture in a formal way we bring here some definitions.
The descent set of a permutation π ∈ S n is defined as:
Des(π) = {i ∈ [n − 1] | π(i) > π(i + 1)}.
Denote des(π) = |Des(π)| and ides(π) = des(π −1 ). Example 1.1. If π = 246135 then Des(π) = {3}, des(π) = 1 and ides(π) = 3.
Definition 1.2.
A polynomial f (q) is palindromic if its coefficients are the same when read from left to right as from right to left. Explicitly: if f (q) = a r q r + a r+1 q r+1 + · · · + a s q s (r ≤ s) then we require a r+i = a s−i (∀i); equivalently, f (q) = q r+s f (1/q).
Following Zeilberger [16] , we define the darga of f (q) to be r + s. The set of palindromic polynomials of darga n is a vector space of dimension n/2 + 1, with gamma basis
The (one-sided) Eulerian polynomial
is palindromic of darga n − 1, and thus there are real numbers γ n,j such that A n (q) = 0≤j≤ n−1 2 γ n,j q j (1 + q) n−1−2j .
see [12, p. 72 , 78] for details. Foata and Schützenberger [7] proved that the coefficients γ n,j are actually non-negative integers. The result of Foata and Schützenberger was reproved combinatorially, using an action of the group Z certain types. This method, called "Valley hopping", can be found in [8, 4] . A nice exposition can also be found in [11] . Now let A n (s, t) be the two-sided Eulerian polynomial A n (s, t) = π∈Sn s des(π) t ides(π) .
It is well known (see, e.g., [11, p. 167] ) that the bivariate polynomial A n (s, t) satisfies A n (s, t) = (st) n−1 A n (1/s, 1/t) (2) and A n (s, t) = A n (t, s).
(3) In fact, (2) follows from the bijection on S n taking a permutation to its reversal, while (3) follows from the bijection taking a permutation to its inverse.
A bivariate polynomial satisfying Equations (2) and (3) will be called palindromic of darga n − 1. Note that if we arrange the coefficients of a bivariate palindromic polynomial in a matrix, then this matrix is symmetric with respect to both diagonals. Example 1.3. The two-sided Eulerian polynomial for S 4 is:
Its matrix of coefficients is     1 0 0 0 0 10 1 0 0 1 10 0 0 0 0 1
and is symmetric with respect to both diagonals.
It can be proved ( [12] , p.78) that any palindromic polynomial in two variables can be written uniquely in the basis:
Gessel (see [4, Conjecture 10.2] ) conjectured that the coefficients of A n (s, t) in that basis are nonnegative integers. Explicitly:
A recurrence for the coefficients γ n,i,j was described by Visontai [14] , but unfortunately did not settle the conjecture. Recently, a proof of Gessel's conjecture was published by Lin [10] . Unlike the proof for the univariate version, this proof is not combinatorial.
In this paper we present a step towards a combinatorial proof for Gessel's conjecture. We represent each permutation as a tree, composed of its simple blocks and define actions on that tree from which we can produce a combinatorial proof of Gessel's conjecture provided the validity of the conjecture for simple permutations. We therefore reduce the claim of gamma positivity of arbitrary permutations to that of simple ones. The rest of the paper is organized as follows: In Section 2 we discuss concepts related to simple permutations ,inflations, and the wreath product of permutations. We also present the inflation tree. In Section 3 we introduce actions on the inflation tree and use them to prove combinatorially Gessel's conjecture in some special cases. In Section 4 we refine the generating function of all the simple permutations for each n, by counting permutations with respect to des and ides. Finally, in the last section we show how to reduce Gessel's conjecture to the simple permutations.
Simple permutations
Definition 2.1. Let π = a 1 . . . a n ∈ S n . A block (or interval) of π is a contiguous sequence of entries a i a i+1 . . . a i+k whose values also form a contiguous sequence of integers. Each permutation can be decomposed into singleton blocks, and also forms a single block by itself; these are the trivial blocks of the permutation. Definition 2.3. A permutation is simple if it has no nontrivial blocks.
Example 2.4. The permutation 3517246 is simple. The simple permutations for n = 1 and n = 2 are 1, 12 and 21. There are no simple permutations for n = 3. For n = 4 they are 2413 and its inverse, which is also its reversal. For n = 5 they are 24153, 41352, their reversals and their inverses (altogether 6 permutations). Definition 2.5. A block decomposition of a permutation is a partition of it into disjoint blocks.
For example, the permutation σ = 67183524 can be decomposed as 67 1 8 3524 . Note that the inner structure of the blocks among themselves forms the permutation 3142, i.e. if we take for each block its minimal digit as a representative then the set of representatives is order-isomorphic to 3142.
Moreover, the block 67 is order-isomorphic to 12, and the block 3524 is order-isomorphic to 2413. These are instances of the concept of inflation, which is defined as follows: Definition 2.6. Let n 1 , . . . , n k be positive integers with n 1 + . . . + n k = n. The inflation of a permutation π ∈ S k by permutations α i ∈ S ni (2 ≤ i ≤ k), s 1 = 0, is the permutation π[α 1 , . . . , α k ] ∈ S n obtained by replacing the i-th entry of π by a block which is orderisomorphic to the permutation α i , on the numbers {s i + 1, . . . , s i + n i } instead of {1, . . . , n i }, where One of the cornerstones of this paper is the fact that the construction we have just described respects both des and ides.
Two special cases of inflation are the direct sum (⊕) and the skew sum ( ) operations, defined as follows. Definition 2.9. Let π ∈ S n and σ ∈ S k . Define:
Example 2.10. If π = 132 and σ = 4231 then π ⊕ σ = 1327564 and π σ = 5764231 Definition 2.11. A sum-indecomposable (respectively, skew-indecomposable) permutation is one which cannot be written as a direct (respectively, skew) sum.
The following proposition claims that every permutation has a canonical representation as an inflation of a simple permutation.
Proposition 2.12. [3]
Let σ ∈ S n , (n ≥ 2). There is a unique simple permutation π = 1 and a sequence of permutations α 1 , . . . , α k such that
If π / ∈ {12, 21} then α 1 , . . . , α k are uniquely determined by σ. If π = 12 or π = 21 then α 1 , α 2 are unique as long as we require that α 2 is sumindecomposable or skew-indecomposable respectively. One can continue the process of inflation also for the α i -s in a recursive way, until all the permutations participating are simple. In our example, 3412 can be decomposed further as 3412 = 21 [12, 12] so after substituting in σ we get σ = 2413[21 [12, 12] , 21, 1, 12].
Remark 2.14. In order to clarify why the requirement that α 2 is sum-indecomposable in inflating 12 is necessary, note that the permutation 123 can be written as 12 [ This information can be easily described by a tree. We represent each π ∈ S n by a tree with n leaves.
For each permutation σ = π[α 1 , . . . , α n ], the simple permutation π is represented by the root node and each α i contributes a child of the root which is an (unlabeled) leaf if α i = 1 and a root of a sub-tree otherwise.
In the latter case, if α i is not simple then by Proposition 2.12 , α i can be represented as α i = π [β 1 , . . . , β k ] with π simple. We take π to be the root of the new sub-tree. If α i is simple of length k then we can write α i = α i [1, 1, . . . , 1] and it has k (unlabeled) leaves.
We proceed in a recursive manner.
Definition 2.15. For σ ∈ S n denote by T σ the tree constructed by this process.
Example 2.16. Figure 1 depicts the tree of σ = 452398167. Note that in this figure we added the labels of the leaves for clarification. Now, given a tree, we present a recursive algorithm to find the corresponding permutation. Note that the digit placed in the j-th position in the label of each node refers to the j-th sub-tree of this node.
(1) Let k = 1.
(2) Start with the root, with the sub-tree corresponding to i = 1.
If that sub-tree is a leaf, then label this leaf by k and increase k by 1. (4) Otherwise descend to the root of that sub-tree and go back to (2) with respect to this sub-tree. (5) Increase i by 1 and go back to (3) for the next digit. Now the permutation can be obtained by reading the labeled leaves from the left to the right.
Example 2.17. We refer to the last example. Starting with the root node, labeled 2413, consider first the digit 1. Its sub-tree is a leaf, so we label this leaf by 1.
Then we proceed to the sub-tree of digit 2. Note that 4 of its descendants are leaves. We descend to the leftest sub-tree of 2413 which is labeled 21. The digit 1 in the root of this sub-tree has a sub-tree labeled 12 the leaves of which we label by 2 and 3 (from left to right) Now we go back one level up and descend to the left son of the 21 node. This node has two leaves which will be labeled as 4 and 5 from left to right. Now we go to digit 3 of the root and proceed in this way until all of the leaves are labeled. Finally we get the picture appearing in Fig.1 .
Inflation is actually a localized version of the wreath product construction introduced in [3] Definition 2.18. Let A, B be sets of permutations. The wreath product of A and B is
Example 2.19. Let A = {12} and B = {21, 132}. Then A B = {2143, 21354, 13254, 132465}. We say that a set H of permutations is wreath-closed if H = H H. The wreath closure wc(H) of a set H of permutations, is the smallest wreath-closed set of permutations that contains H. The wreath product operation is associative and so, if we define H 1 = H and
Example 2.20. Let A = {21}. Then it is easy to see that A A = {4321} and (A A) A = {87654321} and continuing in this manner one obtains that
Finally, we have the following definition:
Definition 2.21. Let Simp n , (Simp ≤n ) be the set of all simple permutations of length n (less or equal to n) respectively and denote by H(n) the wreath-closure of Simp ≤n , i.e. H(n) = wc(Simp ≤n ). Furthermore, let
The following example has significance for the sequel. Example 2.22. H(2) = wc{1, 12, 21} is the set of all permutations that can be obtained from the trivial permutation 1 by direct sums and skew sums. These are the separable permutations which are counted by large Schroder numbers (see [15] ). The separable permutations can also be written using pattern avoidance, explicitly
(see details in [5] , right after Proposition 3.2).
A partial settlement of Gessel's conjecture
Gessel's conjecture for the case H(2) can be implied from the paper of Fu, Lin and Zeng [9] which proved the following:
. (This can be concluded from Observation 2.8). Hence, one can conclude the following restricted version of Gessel's conjuncture for the set of separable permutations. Namely: Theorem 3.2. For each n there exist non-negative integers γ n,k (0 ≤ k ≤ (n − 1)/2 ) such that: In order to further generalize Theorem 3.2, we have to introduce some more definitions. Note that the right chain condition corresponds precisely to the way we constructed the inflation in Remark 2.14.
By the preceding argument, we can deduce the following theorem:
Theorem 3.6. For each k, the function which sends each π ∈ H(k) ∩ S n to the G-tree T π from Definition 2.15 is a bijection.
We present now a combinatorial settlement for Gessel's conjecture for H(5) ∩ S n for each n. Thus from on until the end of this section we deal only with permutations of H(5) ∩ S n .
Let T = T π be a G-tree, and let {R i | 1 ≤ i ≤ r 0 (T )} be the set of all B.R.C of odd length. For each i, denote by φ i the operator which switches 12 with 21 in each of the nodes of R i . In an abuse of notation, denote by φ i (T ) the tree obtained from T in this way It is easy to see that the operators φ i commute and by Observation 2.8, each application of some φ i changes both des(π) and ides(π) by ±1. For each G-tree T and the corresponding permutation π, let l 1 , . . . , l k be the labels of T taken from the set {2413, 3142}. Define for each j, (1 ≤ j ≤ k), ψ j (T ) to be the tree obtained from T by changing the label l j from 2413 to 3142 or vice versa. Again, it is easy to see that the ψ j commute and the passage from 2413 to 3142 adds one to the des(π) and subtracts 1 from ides(π) while the passage from 3142 back to 2413 increases ides(π) and decreases des(π) by 1. Now, for every two G-trees T, S, we write T ∼ S if S can be obtained from T by a sequence of applications of the actions φ i and ψ j we have just defined.
The relation ∼ is an equivalence which partitions the set GT n and hence also the group S n into equivalence classes. It is clear from the construction that the corresponding permutation, π 0 , is the one having the minimal number of descents in its class. We refer to both as the minimal representatives of the class.
Our next goal is to compute the bi-distribution of des and ides over an equivalence class. In order to do that, we pick up the minimal representative T 0 and use the actions φ i and ψ j to go over the entire class.
Remark 3.9.
• Each action of the form φ i , take each odd B.R.C, beginning with 12 to a B.R.C beginning with 21 and vice versa. Hence, if T is a tree with a binary right chain R of length 2c + 1, then the chains R and its counterpart in φ i (T ) together will contribute a factor of = (st) c (1 + st) to the bi-distribution of des and ides over the whole class. Note that each even right chain of alternating 12 and 21 contributes a factor of (st) d where d is the number of nodes of the form 21 in the chain.
• Each action of the form, ψ j , takes a node of the form 2413 to a node of the form 3142, hereby increasing the number of descents by 1 and decreasing the number of inverse descents by 1. Thus, the combination of the two nodes contributes st 2 (1 + s t ) = (st)(s + t).
In the case of the nodes consisting of simple permutations of length 5, since each one of those 6 permutations contributes (st) 2 , there is no need for an action between them. We proceed with some notations which will be needed in the sequel. Let T 0 be the minimal tree representative of a specific class under the relation described above and denote by π 0 the corresponding permutation.
Let d 2 be the number of nodes labeled 21 in T 0 , for i ∈ {2, 4, 5}, let v i be the number of nodes having labels of length i. Now, des(2413) = 1 , ides(2413) = 2, des(21) = ides(21) = 1, and for each simple permutation σ of length 5 we have des(σ) = ides(σ) = 2.
As a result, using Observation 2.8, we have:
ides(π 0 ) = d 2 + 2v 4 + 2v 5 .
(5) We have now the following: Lemma 3.10. Let π 0 ∈ H(5) ∩ S n be a minimal representative of some class. There are i, j ∈ N such that:
Proof. Let r 0 = r odd (T 0 ) be the number of odd B.R.C. in T 0 . First, since each B.R.C. alternates between 12 and 21 and each odd B.R.C. in the minimal representative T 0 starts with 12, we have that v 2 = 2d 2 + r 0 so that
On the other hand, since T 0 has exactly n leaves, if we denote by v the total number of vertices (including the leaves) in T 0 , then we have that
Now, counting the vertices of the tree in such a way that each vertex contributes the number of its sons, we have that
For example, the tree in Fig. 1 has v 4 = 1, v 2 = 5, v = 4v 4 + 2v 2 + 1 = 15. Using Equations (7) and (8), we conclude that
We finally have:
(9) By Equations 4 and 5, we have for the minimal representative π 0 that
Now, by Remark 3.9, we have that
If we denote i = d 2 + v 4 + 2v 5 and j = v 4 then we finally have
Lemma 3.10 now immediately implies one of the main results of our paper:
The BI-Eulerian polynomial for simple permutations
In [2] , the ordinary generating function for the number of simple permutations was shown to be very close to the functional inverse of the corresponding generating function for all permutations. In this section we refine this result by considering also the parameters des and ides.
Recall from Definition 2.11 the definitions of plus-indecomposable and minus-indecomposable permutations. 
Note that the summation in the definition of S(x, s, t) is only over n ≥ 4. We want to find relations between these generating functions.
From now on, we consider F (x, s, t) etc. as formal power series in x, with coefficients in the field of rational functions Q(s, t). We therfore use the shortened notation F (x), or even F . For example, the composition S • F means that F is substituted as the x variable of S(x, s, t). By Proposition 2.12 and Observation 2.8,
This is a system of linear equations in I + , I − and S • F + x. Its solution gives
Note that the map π → π , defined by
, is a bijection from S n onto itself (and also from I + n onto I − n ), satisfying des(π ) = n − 1 − des(π) and ides(π ) = n − 1 − ides(π). Therefore:
This agrees with the first two equations in (10) . Denoting u = F (x) we get from the third equation in (10) an explicit expression for S(u, s, t):
,
is the functional inverse of u = F (x). Further manipulations with partial fractions give
Using the expansions
this can be written in the equivalent form
(n ≥ 4).
A reduction of Gessel's conjecture for simple permutations
In this final section we present a combinatorial proof of Gessel's conjecture provided the validity of the conjecture for simple permutations. This reduces the gamma positivity conjecture of general permutations to that of simple ones.
Recall that Simp n is the set of all simple permutations in S n . Since Simp n is closed under the actions of reverse and inverse, we have by arguments of symmetry (see p.78 in [11] ) the following:
Proposition 5.1. Let n ∈ N. There exist α n,i,j ∈ R, i, j ≥ 0, j + 2i ≤ n − 1 such that:
In the preceding sections we defined actions on the set of simple permutations for n = 2 (the reverse action), for n = 4, (the reverse action again) and also (the identity action) for n = 5. Consequently, we obtain simp 2 (s, t) = (1 + st), simp 4 (s, t) = st(s + t) and simp 5 (s, t) = 6(st) 2 . A natural continuation of this work might start with a definition of similar actions on the set of simple permutations for each n. Note that the success of the reverse action in the case n = 4 is based on the fact that the only simple permutations of S 4 have s 2 t and st 2 as (des,ides) monomials which sum up to the Gessel type polynomial: st(s + t).
In the case of n = 5, there are only 6 simple permutations, all of them having s 2 t 2 as (des,ides) monomials which are already in Gessel form.
However, this technique fails to work in the case of S 6 . Take for example the simple permutation 246135 which contributes st 3 while its reverse contributes s 4 t 2 . Note that even had we allowed also the inverse action, we wouldn't have gain a proper contribution to the Gessel form. On the other hand, one can easily check that summing up all the simple permutations of order 6 will give us the following Gessel type polynomial:
In fact, computer experiments show that simp n (s, t) have the Gessel type at least for n ≤ 12, so the following conjecture is plausible:
Conjecture 5.2. simp n (s, t) is a Gessel type polynomial for every n ∈ N. i.e., there exist nonnegative integers α n,i,j , 0 ≤ j + 2i ≤ n − 1 such that:
If the conjecture is true then we can expand Theorem 3.11 to S n in the following way: First, for each k ≥ 6, since we still have no action on the simple permutations of S k , for each σ = π[α 1 , . . . , α t ] ∈ S n , we construct a tree having π as a label of its root, in the same way which was explained in the body of the paper.
In this general case, however, the nodes are labeled by simple permutations of arbitrary length. Then we define an equivalence relation on S n by declaring that two trees belong to the same class if one can be reached from the other by applying a series of actions of the following two types:
(1) Replace a label of one node (which is a simple permutation of length k ≥ 4) by a simple permutation of the same order. (2) Alternate the labels of an odd right chain, as described in the paragraph after Theorem 3.6. Now, given a permutation σ and its tree T σ , the polynomial
is a multiplication of polynomials corresponding to the nodes as follows:
• Each node representing a simple permutation of length k ≥ 4 contributes a term of the form simp k (s, t) which has darga k − 1.
• The v 2 nodes of T = T σ of length 2 contribute (st) v 2 −r odd (T ) 2
(1 + st) r odd (T ) which has darga v 2 . In summary, for each i, let l i be the length of the simple permutation labeling the node v i . Assume that T σ has m nodes. Then each node v i contributes l i − 1 to the darga of S [σ] .
As a result we obtain that the darga of
Remark 5.3. Note that from the discussion above we can not deduce the opposite implication, i.e. the validity of Gessel's conjecture for the entire group S n does not imply the validity of the conjecture for the simple permutations.
Explicitly: Even if we accept Gessel's conjuncture for all the simple permutations of length less or equal to n, (which implies the positiveness of the β n+1,i,j 's, since each non-simple permutation of S n+1 is an inflation of simple permutations of order less than or equal to n) and we accept it for the whole group S k for each k ∈ N (which implies in turn the positiveness of the γ n+1,i,j 's), we still can not conclude the correctness of the conjecture for the simple permutations of length n + 1 which means the positivity of the α n+1,i,j s .
